We consider the three-dimensional electron gas confined by a strictly two-dimensional homogeneous positive charge density at z = 0. Within the Hartree-Fock approximation, we study the mode structure in the confined direction in the metallic regime. We find that for r s Ͻ 1.3 ͑r s Ͻ 2.5͒ the unpolarized ͑polarized͒ electron gas starts to populate also the first-excited state in the z direction.
I. INTRODUCTION
The two-dimensional homogeneous electron gas ͑2DEG͒ is one of the most simple and thus widely used model to study electronic correlations in two dimensions. [1] [2] [3] Experimentally, two-dimensional electronic systems have been realized using heterostructures, e.g., semiconductor-insulator interfaces, where layers of electrons are tightly confined in one spatial dimension ͑z͒ by strong surface electric fields and the discreteness of the quantized energy levels in z becomes important. 4 However since electronic wave functions and electromagnetic fields spatially extend in the z direction, theoretical predictions for the 2DEG must be modified before a quantitative comparison is possible. 5 In order to study general effects due to the interplay of electron-electron interactions and correlations with the finite extension of the electronic density in the z direction, we introduce the model of a quasi-2DEG ͑Q2DEG͒. This model provides a simple and natural extension of the 2DEG which contains essential features of more sophisticated microscopic descriptions of heterostructures. 4 Frequently, experiments are modeled with additional parameters to account for the finite thickness. In general, these parameters should not be considered as independent of the density due to charge neutrality.
Similar to the electron gas in two and three dimensions ͑3D͒, we consider a jellium of electrons in a positive charged background insuring total charge neutrality. Whereas the electrons are treated fully three dimensional, the background charges remain strictly two dimensional, described by a homogeneous charge density, 0 , in the plane z = 0. For vanishing total charge of the system, the electrons are confined around the plane z = 0. Similar to the 2DEG, we introduce the dimensionless parameter r s =1/ ͑a B ͱ 0 ͒, where a B = ប 2 / ͑m e e 2 ͒ is the Bohr radius, m e the mass, and ͑−e͒ the charge of the electron. At zero temperature, the system is fully described by the value of r s , which characterizes the effective two-dimensional density of the electrons.
In this paper, we study the Q2DEG in the metallic density region ͑0.5Շ r s Շ 5͒ in the Hartree-Fock ͑HF͒ approximation. In particular, we determine the spatial density distribution of the electrons in the z direction and the possible transition between the occupation of a single confined mode to the occupation of two or more excited modes or subbands, in z. We show that for r s → 0 the energy per particle can be written as where m is the number of occupied modes in the z direction and E m and X m are smooth functions of r s , determined within HF, K p is a constant for fixed spin polarization, p, and c a are the concentrations of electrons in each mode. The correlation energy beyond Hartree-Fock, C m , is estimated within densityfunctional theory. At fixed density ͑fixed r s ͒, we determine the ground state for given concentrations, c a , and, finally, minimize with respect to the concentrations to obtain E m ͑c a,min , r s ͒. The main goal of this paper is to determine the density where the two-mode solution ͑Sec. V͒ becomes energetically favorable compared to the single-mode solution. The paper is organized as follows: Sec. II introduces the model Hamiltonian of the Q2DEG and discusses the technical problems related to the thermodynamic limit and the long-range behavior of the Coulomb 1 / r potential in the potential energy. In Sec. III, we use the HF approximation to simplify the many-body problem and discuss the general structure of the ground-state energy in the high-density limit, r s → 0. In the following sections: Secs. IV and V, we discuss the single-mode and two-mode solutions of the HF approximation. For both cases, we first start discussing the Hartree approximation, where we have found analytical solutions for the resulting nonlinear Schrödinger equation. These solutions serve to obtain a first estimate for the Hartree and exchange contribution to the energy, E m 0 and X m 0 , respectively. We will show later that the numerical minimization of the full HF energy introduces only minor corrections. Finally, we briefly discuss correlation effects beyond HF within the localdensity approximation ͑LDA͒ using density-functional theory ͑Sec. VI͒.
where V N is the total potential energy of all charges. It is well known that the Coulomb potential poses difficulties in the definition of the potential energy in the thermodynamic limit due to the nonintegrability at infinity. The local singularity of the Coulomb potential near the origin is a classical problem of self-adjointness and here we only focus on the definition of the potential with periodic boundary conditions.
Let ⌳ denotes the two-dimensional lattice in R 3 generated by the vectors ͑L ,0,0͒ and ͑0,L ,0͒. For a regular integrable interaction v, we formally define the total periodic potential as
where the index e holds for the electrons and b holds for the positive background. The last term in Eq. ͑4͒ is the interaction of an electron with all its periodized images. As soon as the interaction v is regular and integrable, we can rewrite the potential energy as
and C v is the Madelung energy of electrons on the lattice ⌳ in a homogeneous background,
͑10͒
Let us notice that the Fourier transform ṽ͑K͒ of v is directly related to the Fourier transform, ṽ͑K͒, of v. As can be directly verified, we have ṽ͑K͒ = ṽ͑K͒, except that ṽ͑K͒ = 0 for k x = k y = 0. With this new definition ͓Eq. ͑7͔͒, we only need that v , v 1 , and C v are well defined, i.e., 
where K = ͑k , k z ͒ and e ik· = 1 for ⌳.
III. HARTREE-FOCK APPROXIMATION
Within the HF approximation we minimize the groundstate energy per particle, E, with respect to variations in the many-body wave function, ⌿ N = det͉͕⌿ i↑ ͖͉det͉͕⌿ i↓ ͖͉, in the subspace of single Slater determinants
In the following, we assume that ͕⌿ i ͖ ͑ = ↑ , ↓͒ are normalized, orthogonal single-particle wave functions, and we obtain for the total energy per particle
where we have defined the total electronic density by
͑17͒
In this paper, we are interested in a quasi-two-dimensional regime, where we expect that the electrons populate a finite number, m, of discrete modes in the z direction, whereas the density of states is continuous in the plane at constant z, in the thermodynamic limit. Each single-body wave function ⌿ i is then taken as a product of a plane wave k in the plane z = 0 and a wave function a in the z direction, where a labels the mode. Let N a be the number of electrons in the mode a and c a = N a / N, N = ͚ a N a . Accounting for the spin polarization p of the electrons, we have N a = N a↑ + N a↓ and c a = c a↑ + c a↓ . In the following, we restrict the discussion to ͑i͒ the fully polarized gas ͑p =1͒, where c a = c a↑ and c a↓ = 0 and ͑ii͒ the unpolarized electron gas ͑p =0͒ with c a↑ = c a↓ = c a / 2 ͑unpolarized in each mode a͒. We further assume that the wave functions do not depend on spin: a ϵ a .
In each mode a , , all transverse plane waves are occupied up to k F a = ͱ c a k F with k F a B =2/ r s , and, in the thermodynamic limit, all summations over transverse states are replaced by integrals inside the Fermi surfaces
Further, for N → ϱ, the last line of Eq. ͑16͒ vanishes.
It is instructive to regroup the different contributions to the total energy ͑in Hartree͒ as follows:
where the first term is the in plane, strictly two dimensional, kinetic energy with K 0 =1/ 2 for the unpolarized and K 1 =1 for the polarized electron gas. In order to separate the explicit r s dependency in the following two terms, we introduce u = r s 1/3 k F z together with the normalization ͐ R du͉ a ͑u͉͒ 2 =1 of the confined modes. All contributions independent of the in-plane modes are contained in E
where the electrostatic potential, v , is determined by the one-dimensional Poisson equation,
from the total electronic density distribution ͑u͒ = ͚ a c a ͉ a ͉ 2 = ͚ a c a ͉ a ͉ 2 and the positive background charges at z = 0. Using v ͑ϱ͒ = v Ј͑ϱ͒ = 0, we have
The exchange term, X, explicitly mixes transverse and confined states,
and introduces a smooth variation in X as a function of r s . The Hartree-Fock ground state is determined by minimizing the total energy, Eq. ͑19͒, with respect to p, c a , and a , at fixed density, r s . We simplify this rather complex optimization problem by considering only the completely polarized or unpolarized electron gas. For fixed concentrations, c a , the minimum of E with respect to a is independent from the in-plane kinetic energy. From the formal variation in the energy with respect to a we obtain
In the limit of small r s , the exchange energy is negligible and the wave functions, a ϵ a 0 , are entirely determined by minimizing E, or, equivalently by the Hartree equation
which leads to
where, X m 0 ϵ X͓c a , a 0 , r s ͔ and
are independent of r s . This provides us with a semianalytical approximation for the total energy, E m 0 , which appears to be very close to the full minimization of the energy including exchange, E m , for the densities considered. Whereas the inplane kinetic energy term does not influence the shape of the distribution in z, it favors multimode occupation in the highdensity limit, r s → 0.
IV. SINGLE-MODE SOLUTION
For a single mode, we minimize Eq. ͑19͒ with ͑u͒ = 0 2 ͑u͒ ͑c 0 =1͒ so that 0 satisfies the nonlinear Schrödinger equation, Eq. ͑24͒,
and we obtain
where E 1 and X 1 are the values of the Hartree and exchange term using the optimal 0 . For the strictly two-dimensional electron gas, we have ͑2D͒ ͑u͒ = ␦͑u͒. Neglecting the zero-point energy of the confinement, E 1 , in this limit, and using ͐ R dỸ ͑1,1,͒ =32/ 3, we recover E ͑2D͒ ͑p =0͒ =1/ ͑2r s 2 ͒ −8/ ͑3r s ͱ 2͒ for the unpolarized and E ͑2D͒ ͑p =1͒ =1/ r s 2 −8/ ͑3r s ͒ for the polarized electron gas.
A. Hartree solution without exchange, E 1 0
We determine the one-mode solution of the Hartreeequation, Eq. ͑30͒ with V 00 exc ϵ 0, which determines the density distribution of the mode with 0 Ͼ 0 in the high-density region, r s → 0. Assuming 0 ͑u͒ to be an even function of u, we restrict the discussion to u Ͼ 0 in the following. From the leading-order behavior X 0 of the solution at large u, where v ͑u͒ vanishes, we use a series in X 0 as ansatz for ͑u͒,
where ␣ = ͱ 0 , f 0 , and a k are to be determined ͑a 0 =1͒. The density is then given by,
and the potential is obtained by integrating twice v Љ͑u͒ =−͑u͒ for u Ͼ 0 with the conditions v ͑ϱ͒ = 0 and v Ј͑ϱ͒ =0,
͑37͒
Thus, imposing 0 Љ− ͑v + ␣ 2 ͒ 0 = 0 leads to the equation
͑38͒
From the definition a 0 = 1, we get 0 =1, v 0 = 
With these definitions all coefficients a k , k , v k , and w k are positive. The two parameters ␣ and f 0 are determined by imposing 0 Ј͑0͒ = 0 and the normalization
The numerical results are given in Table I , together with the values of the different contributions to the Hartree energy. In particular, from Eqs. ͑25͒ and ͑27͒, we have 0 = ␣ 2 =−͑͗−⌬͘ + ͗v ͒͘ and from Eq. ͑29͒, we have
and the kinetic energy writes
Notice that E 1 0 is independent of the polarization. From the Fourier transform, ͑͒, of the ground-state density, 0 = 0 2 , obtained from the Hartree equation, we can estimate the exchange contribution, Eq. ͑23͒, to the total energy. Since we have Ỹ Ͼ 0 and 0 Ͻ ͑͒ Ͻ 1, the exchange energy of the quasi-two-dimensional gas is greater than its strictly two-dimensional value obtained with ͑2D͒ ͑͒ =1. The main contribution of the exchange integral comes from the logarithmic singularity of the integrand at =0; details on the numerical evaluation are given in Appendix B and the results for the total energy are shown in Fig. 1 . For densities corresponding to 0.5Յ r s Յ 5, the exchange integral, X 1 0 , is well approximated by X 1 0 ͑p =1,r s ͒Ϸ−0.4356 − 0.06127 ln͑r s ͒ for the polarized gas.
Within the Hartree approximation, ͑͒ is independent of r s and polarization, p, so that a simple relation between X 1 0 of the polarized and unpolarized electron gas at different r s can be established,
. ͑42͒ Using our approximate expression for X 1 0 ͑p =1,r s ͒ together with Eq. ͑42͒ in Eq. ͑31͒, we can estimate that for r s տ 4.56 the polarized phase is energetically favorable compared to the unpolarized phase.
C. Full minimization
The full minimization assuming a single mode is done numerically ͑see Appendix C for the numerical details͒, and we have
where E 1 and X 1 depend on r s and the polarization, p. Figure  2 illustrates the small improvements due to the full minimization compared to the Hartree approximation, E 1 0 .
V. TWO-MODE SOLUTION
In this section, we look for the ground-state energy with two modes, where the density is given by
and c ϵ c 1 is the concentration of the excited mode, 1 . Analogous to the discussion of the single-mode solution, we first minimize the Hartree energy for given c with respect to 0 and 1 to obtain E 2 0 . Then, we evaluated the exchange term within this solution, X 2 0 , and, finally, we minimize the full Hartree-Fock energy including the exchange.
A. Two-mode Hartree solution without exchange, E 2 0
Generalizing the single-mode solution of the previous section, we express the wave functions as series of exponentials. Assuming 0 ͑u͒ ͓respectively, 1 ͑u͔͒ to be an even ͑re-spectively, odd͒ function of u, we restrict 0 and 1 to nonnegative arguments in the following:
where ␣ 2 = 0 , s 2 ␣ 2 = 1 , and a 0,0 = b 0,0 = 1. As shown in Appendix D, the coefficients a k,k Ј and b k,k Ј are functions of s only and can be determined by recurrence relations. Imposing the boundary conditions at u =0: 0 Ј͑0͒ = 0 and 1 ͑0͒ =0 provide two equations independent of c and ␣
In practice the series are restricted to k + kЈ Յ n. At large enough n, for fixed s, this system of the variables ͕f 0 , f 1 ͖ has only one converging solution for positive f 0 and f 1 . The convergence with n depends on s. Relative convergence of 1% is reached at order n Ӎ 40. This slow convergence is due to the 
FIG. 1. ͑Color online͒
Comparison of the energies of the Q2DEG in the different phases within HF: black for the singlemode unpolarized ͑p =0͒ electron gas, red for the single-mode polarized ͑p =1͒ electron gas and blue for two occupied excited modes in z. For each phase we compare the HF energy using the Hartree density profile in z with the full HF minimization: dashed ͑respec-tively, dotted͒ lines stand for E 1 ͑respectively, E 1 0 ͒ of the singlemode solution from Eq. ͑43͒ ͓respectively, Eq. ͑28͔͒, filled ͑respec-tively, open͒ symbols stand for the energies including two occupied modes, E 2 ͑respectively, E 2 0 ͒ from Eq. ͑55͒ ͓respectively, Eq. ͑54͔͒, with squares ͑respectively, diamonds͒ for the unpolarized ͑respec-tively, polarized͒ gas. The red arrows indicate the transition between the unpolarized gas and the polarized gas at r s Ӎ 4.45 in the approximation using the Hartree density profile; minimization of the full HF energies shifts the transition to slightly higher density, r s Ӎ 4.05. Blue arrows indicate the transitions from the single-mode system to two occupied excited modes increasing the density. The inset shows the transition region of the unpolarized gas. full optimization improvment
Importance of the full minimization of all the different components of the HF energy, from Eqs. ͑29͒ and ͑43͒ for the polarized single-mode gas. Shown are the total energy in Hartree times r s 2 , together with the Hartree and exchange contributions in the same units. The gain in exchange energy is roughly twice the increase in the Hartree energy.
difficulty to fulfill the conditions at u = 0 as we get close to the radius of convergence of these series. Machine precision is obtained using n Ӎ 120.
Then the normalizations of 0 and 1 lead to two simple equations determining ␣ and c
where k,k Ј ͑a͒ is defined in Eq. ͑D2͒.
The variations in ␣ are essentially linear and given by ␣ = 0.4608+ 0.44c excepted at small c, where we add the residual correction: 10 −3 ͑4.26− 9.32c͒ / ͑1 + 41.5c͒. The variations in the other parameters are given in Fig. 3 : c is essentially proportional to s 3 , f 0 , and f 1 vary within a factor of 2. Within the Hartree approximation, E 2 0 in Eq. ͑29͒ is still independent of r s and of the polarization, p but depends on the concentration c. ͓see Fig. 4 ͑left͔͒. 
B. Two-mode exchange term with the Hartree approximation, X 2 0
The two-mode exchange term for two modes reads
͑53͒
where c 0 =1−c and c 1 = c. We refer to Appendix A for the definition and evaluation of the exchange integrals Ỹ 1 and Ỹ 2 , which have logarithmic singularities for small , and to Appendix B for the evaluation of the exchange term. Using the Hartree approximation to determine the shape of the wave functions, the total two-mode energy is approximated by remains a local minimum. At r s = 2.775, the energy of the two-mode solution with c min 0 Ӎ 0.015 crosses the single-mode energy. Thus, within this approximation, we find a first-order transition for the polarized gas with a jump in the concentration ͓see Fig. 4 ͑right͔͒.
C. Full minimization
The complete minimization of the total energy with two modes containing kinetic, Hartree, and exchange energy, is done by first finding the ground-state energy at fixed ͕r s , c͖ similar to the single-mode case
Then, at fixed r s , the minimum, c min ͑r s ͒, of the energy is found from a direct Newton descent on c. The variations in c min ͑r s ͒ are close to c min 0 ͑r s ͒. They only differ significantly close to the transition. We find a transition at r s,c = 1.30͑1͒ for the unpolarized gas and r s,c = 2.50͑2͒ for the polarized gas. In particular, no first-order transition subsists for the polarized gas. The variations in the energy E 2 ͑c min ͒ versus r s are close to E 2 0 ͑c min 0 ͒ ͑see Fig. 1͒ .
D. Existence of three-mode solutions
We have further extended the method to study the occupation of three modes. Unfortunately, the series used for the Hartree approximation do not converge down to u = 0. Nevertheless, the solution can be found numerically, and we find the three-mode solution more stable for r s Ͻ 0.75 ͑respec-tively, r s Ͻ 1.6͒ for the unpolarized ͑respectively, polarized͒ gas. Since the exchange contribution becomes less important for smaller r s , we do not expect significant modifications from the full HF minimization.
Approaching the high-density limit, r s → 0, we expect an increasing number of occupied modes. For m modes, assuming c i =1/ m, the kinetic energy is K p / ͑mr s 2 ͒, and the dimensionless Hartree energy is a function of m only, E m 0 ͕͑c i =1/ m͖͒ ϵ F͑m͒, as can be seen from Eqs. ͑28͒ and ͑29͒. Minimizing the total energy, E m Ϸ K p / ͑mr s 2 ͒ + F͑m͒ / r s 4/3 , we can estimate the number of occupied modes in the high-density limit
Assuming a linear behavior of F for large m, the number of occupied modes diverges as r s −1/3 as r s approaches zero.
VI. CORRELATION ENERGY WITHIN THE LOCAL-DENSITY APPROXIMATION
Up to now, we have considered the total energy of the system within the Hartree-Fock approximation which neglects many-body correlation effects. Within densityfunctional theory ͑DFT͒, the correlation energy per particle for m modes, C m , defined as the difference between the true total energy and the best Hartree-Fock solution must be a functional of the electronic density only. 6 Using the LDA, 7 we can write
where ⑀ c 3D ͓r s 3D ͔ is the correlation energy of the homogenous, three-dimensional electron gas at the ͑three-dimensional͒ density n 3D a B 3 =3/ ͑4͓r s 3D ͔ 3 ͒ expressed in terms of the threedimensional electron-gas parameter r s 3D . Using n 3D = 0 ͑u͒du / dz we get r s 3D ͑u͒ = ͓3 / 8͑u͔͒ 1/3 r s 8/9 . An estimation of the correlation effects is obtained by using the HF density, ͑u͒, of the one-and two-mode density distribution, together with the Perdew-Zunger 8 parametrization of ⑀ c 3D ͓r s 3D ͔. Around the transition between one and two excited modes of the unpolarized gas, r s Շ 1.3, correlations, Eq. ͑57͒, lower the energy by typically less than 1%. Since the corresponding total density profiles ͑see Red lines stand for the analytical Hartree solutions, Eqs. ͑34͒ and ͑D1͒ while black lines stand for the optimized densities, as described in Secs. IV C and V C. In ͑b͒ c 1 is the first-excited-mode concentration minimizing the total energy; at this scale, the corrections coming from LDA-correlation energy are negligible ͑b͒. Notice that the red line at r s = 1.3 in ͑b͒, with a rather small value of c 1 is close to the red line in ͑a͒.
VII. CONCLUSIONS
We have studied the model of a quasi-two-dimensional electron gas where electrons are confined by a positive charged background localized in the plane z = 0. Similar to the 2DEG, the electronic density ͑r s ͒ is the only parameter of the system, however, the phase diagram is different due to possible transition from single-to multimode occupation in z. Here, we have restricted the discussion to the most simple phases in the metallic regime neglecting the possibility of charge ordering and Wigner crystallization. 9, 10 Already assuming a simple Fermi-liquid wave function in the highdensity region, r s → 0, we have shown that a transition from a single to two or more occupied modes in the confined direction takes place. Indeed, we expect that close to r s =0 three-dimensional features to be much more pronounced, as the dominant kinetic energy favors multimode occupations. Further, within HF, the transition between the polarized and unpolarized gas at r s ϳ 4 occurs in between the corresponding transitions of the 2DEG ͑r s ϳ 2͒ and the 3DEG ͑r s ϳ 5͒. 11 Similar to 2DEG and 3DEG, it is likely that the ferromagnetic phase of the Q2DEG is unstable against Wigner crystallization within HF, however correlations are expected to stabilize the ferromagnetic fluid phase in higher dimensions, 3, 12 so that the spin ordering of the Q2DEG may essentially differ from that of the 2DEG in the low-density region.
Within the Q2DEG, we expect that general aspects of the interplay between correlations and dimensionality can be studied without the need of a detailed microscopic modeling of a particular experimental device. This is of particular importance since many experimental observations in quasi-twodimensional electronic systems reflect strong correlation effects. 13 Up to now, precise calculations of correlation effects using quantum Monte Carlo methods have mostly be done for the 2DEG ͑Refs. 2, 3, 5, and 14͒ but perturbative inclusion of the underlying third dimension have shown to introduce important quantitative changes, e.g., concerning the spin susceptibility. 5 Within the Q2DEG model nonperturbative calculations are possible and phases not contained in the 2DEG can be observed. As a side effect, a quantitative study of the Q2DEG using quantum Monte Carlo methods, may also provide a reference system, which is strongly inhomogeneous in one direction, so that, within DFT, corrections to the local-density and generalized gradient approximations ͑GGAs͒ should be more pronounced, and functionals beyond LDA/GGA can be tested ͑see Ref. 15͒.
Both, Ỹ 1 and Ỹ 2 , have a logarithmic singularity at = 0 and behave as −2 at large ,
APPENDIX B: EVALUATION OF THE EXCHANGE TERM
For the one-mode exchange term of the energy, X 1 , we need to evaluate the following integral:
where ␤ = r s 1/3 and ͑͒ is the Fourier transform of ͑u͒. For X 1 0 , the density is defined in Eq. ͑34͒ and ͑͒ can be computed from
To remove the logarithmic singularity of the integrand at = 0, we introduce an auxiliary function e 1 , Calculating the first integral in Eq. ͑53͒ contributing to the exchange term of two modes, X 2 , we adapt the above procedure for the integrals involving aa using ẽ 2 ͑ , ͒, 
͑B7͒
The logarithmic singularity in the second contribution containing Ỹ 2 in Eq. ͑53͒ is cancelled by ab ͑͒ which is proportional to at small . Similar auxiliary functions are used to evaluate V aa exc ͑u͒ whereas the logarithm singularity of Ỹ 2 ͑ , c͒ in V ab exc ͑u͒ is again cancelled by ab ͑͒ ϰ .
APPENDIX C: DETAILS ON THE NUMERICAL MINIMIZATION SCHEME
Here, we describe some details on the numerical minimization of the total Hartree-Fock energy, Eq. ͑19͒. For simplicity, we restrict the discussion to the single-mode solution where the formal derivative is given by d = H d ͑H d =4H 0 / r s 4/3 +4V 00 / r s ͒. We proceed using a quadratic minimization scheme. Let ͑n͒ be the solution at step n and ͕d ͑n−1͒ , d ͑n͒ ͖ the derivatives at step n − 1 and n. Energies E͑ 1 , 2 ͒ are computed at ͑n͒ + 1 d ͑n−1͒ + 2 d ͑n͒ for the six points ͑ 1 , 2 ͒ = ͑0,0͒, ͑Ϯ⑀ ,0͒, ͑0, Ϯ ⑀͒, and ͑⑀ ,−⑀͒. By assuming a second-order polynomial in 1 and 2 , the minimum of E͑ 1 , 2 ͒ is determined analytically and defines the solution at step n +1.
All functions of u, e.g., ͑u͒, are computed on a grid of 2 p points ͑i − i 0 +1͒␦ with i from 0 to 2 p −1, i 0 =2
p−1 and ␦ = u max / i 0 . Fast Fourier transform are used to compute ͑͒. In order to achieve good convergence small values of ␦ are needed to accurately calculate the kinetic energy of the direct ͑Hartree͒ potential whereas a small step in is needed for the exchange energy which implies large values of u max . We found that u max = 150 and p = 10 are good starting values at sufficiently large value of c. At small c, the spatial extension of the excited mode increases significantly which prevents accurate solutions for c Շ 10 −3 . Interpolating ͑u͒ allows us to increase p at fixed u max .
APPENDIX D: RECURRENCE RELATION FOR THE TWO-MODE HARTREE SOLUTION
We determine the recurrence relation of the series coefficients in the two-mode case. The densities are given by
